We present a method for obtaining the average singlemolecule biexciton lifetime from an ensemble of chromophores in solution. We apply this analysis to a series of core/shell CdSe/CdS quantum dot heterostructures with increasing shell thickness and find that the lifetime of the biexciton increases with increasing shell thickness, consistent with a simultaneous measurement of biexciton quantum yield.
Colloidal quantum dots are used in applications requiring high optical flux and electrical charging, and the role of highly excited biexcitonic, trionic, and other multiexcitonic states is increasingly relevant to understanding performance-degrading phenomena such as blinking and photodarkening. This has led to increased interest in characterizing the statistics [1] [2] [3] [4] and dynamics [3, [5] [6] [7] [8] [9] [10] of these states. Single-molecule methods provide detailed insight into the exact behavior of individual molecules, but they are labor-intensive and prone to selection bias. Ensemble lifetime-based methods are simpler to implement and provide averaged information, but these methods often require perturbative experimental conditions and statistical modeling to account for non-trivial photophysics [11] [12] [13] .
The adaptation of single-molecule photon correlation methods to study ensembles of nanocrystals in solution enables the description of the average properties of individual chromophores, averaged over millions in solution [14] [15] [16] [17] . For example, photon correlation Fourier spectroscopy (PCFS) can be used to study the average spectral dynamics of individual emitters [15, 16, [18] [19] [20] . We have also used second-order photon correlation (g 2 0 ) to measure the ensemble-averaged biexciton quantum yield ratio for a variety of materials, including CdSe, InP, and InAs [17] . These methods use intrinsic contrast between the single-molecule emission and that of the ensemble. This enables the isolation of the single-molecule contribution while operating under conditions of low excitation flux, decreasing the effects of blinking and photocharging [21, 22] . These methods retain the power of the single-molecule interpretation while reporting average information about the ensemble, and are thus well-suited for screening new materials, which are not always sufficiently stable to withstand typical singlemolecule spectroscopies [17] .
Here we describe the measurement of the ensembleaveraged single-molecule biexciton lifetime, averaged for an ensemble of individual freely diffusing nanocrystals in solution. Our method is an extension of the photon-ordering concept described in Ref. [7] , where photon pairs arising after a single excitation pulse are emitted from the biexciton and monoexciton, and can thus be identified by arrival order. We develop a method for measuring the Poissonian background present in an ensemble number-resolved experiment, which allows us to directly isolate the single-molecule contribution. We apply this method to a series of CdSe/CdS core/shell quantum dots with increasing shell thickness, and correlate the biexciton dynamics with the statistics obtained using solution g 2 0 . The dataset for the shell series is same as the one used in Ref. [17] .
In our experiment, a sample of quantum dots is excited using a pulsed laser source, and the photon arrival times are recorded as a triplet: the detection channel, the index of the excitation pulse, and the arrival time relative to that excitation pulse [ Fig. 1(a) ]. In a second-order correlation measurement (g 2 ), we calculate the difference in arrival pulse and arrival time for each pair of photons [illustrated in Fig. 1(b) ], which encodes information about biexciton quantum yield, particle concentration, and diffusion rates [23] . Here we examine biexciton emission, which occurs with highest contrast in the "center" peak. In the single-molecule g 2 measurement, this center peak consists of pairs of photons arriving as a biexcitonmonoexciton cascade, with some contribution from background emission or intrapulse re-excitation. In an ensemble measurement, the single-molecule signal sits on a Poissonian background resulting from emission by different nanocrystals. By comparing the long-time behavior of g 2 τ, for which the pairs of photons are increasingly likely to arise from distinct nanocrystals, with the center peak, we are able to distinguish these single-molecule and ensemble contributions.
In our analysis, any given excitation pulse can yield 0, 1, or 2 detected photons. The photon number-resolved lifetime (PNRL) is measured for a stream of photons by assigning photons to virtual detection channels according to the number and order of photons arriving after a given excitation pulse. Pairs of photons arriving after a single excitation pulse are assigned to PNRL 2;1 τ and PNRL 2;2 τ, as the first and second photons to arrive, respectively. We only permit each physical detector to contribute a single photon per excitation pulse to suppress the effects of afterpulsing (this is effectively time gating at the repetition rate of the experiment). Because the biexciton photon is emitted before the monoexciton photon [7, 8] , this resolution of photon number and order isolates the biexciton contribution to PNRL 2;1 τ and the monoexciton contribution to PNRL 2;2 τ. This pair of signals results from four distinct types of events: emission of at least two photons from a single nanocrystal, emission from different nanocrystals, emission by a nanocrystal and some background source (e.g., dark counts), and emission from background sources. The latter three contribute to the "Poissonian" background observed in fluorescence correlation spectroscopy (FCS). As in other FCS methods [17, 23] , the magnitude of the background can be determined using the average photon detection rate. Here we use g 1 τ, which is the lifetime of all emission events on all detectors (excluding afterpulsing), normalized to the number of repetitions of the laser to yield the detection rate per unit time per excitation pulse.
The Poissonian background (PNRL bkg ) for PNRL 2;1 τ and PNRL 2;2 τ can be determined directly from the measured value of g 1 τ. In doing so, we must account for the effect of imposing time-ordering on emission events arising from largely independent sources, which causes PNRL 2;1 τ to decay faster than g 1 τ and creates a slow rise in PNRL 2;2 τ.
Our analysis accounts for this effect, which is precisely determined using g 1 as follows:
where T rep is the repetition time for the pulsed excitation source, and d is the number of detectors present in the system, which sets the geometric efficiency of the detection scheme (each detector may only report a single detection event per excitation pulse). The remaining expressions denote the joint probabilities of finding a photon at some time and another at some time before or after, respectively. We also measure g 2 0; τ, which is the difference in the arrival time between the second and first photons and is the center peak of a pulse-resolved g 2 :
Here, the 0 in g 2 bkg 0; τ notes that the difference in the pulse index between the two photons is 0. For the first "side" peak, this would be 1.
The result of this analysis is shown in Fig. 1(c) , where the gray-shaded curve represents the contribution of PNRL 2;1 bkg to PNRL 2;1 , while the blue curve is the experimentally measured value. The difference between these two is the contribution of biexcitonic emission from individual molecules, averaged over the ensemble in solution [ Fig. 1(d) ]: 
This method unambiguously resolves the biexciton dynamics of the nanocrystal: the signal presented in Fig. 1(d) can only arise from a state that permits emission of at least two photons. Our use of relatively low excitation flux ensures that this is the biexciton, as opposed to a higher-order multiexciton.
We now apply this method to characterize the effects of shell thickness on the biexciton in core/shell CdSe/CdS quantum dots. The biexciton emission quantum yield generally increases with the thickness of the CdS shell [17, 24] or the introduction of a graded shell [3, 4, 25] . In Ref. [17] , we examined the emission from a series of solutions of CdSe/CdS quantum dots with increasing shell thickness, grown from a single batch of core CdSe particles (2.1 nm radius). Applying Eq. (4) to this dataset, we obtain the biexciton emission shown in Fig. 2 . The dashed black curves are the best fit for our sample response function (a single exponential convolved with the instrument response function, which is a Gaussian convolved with an exponential):
where Θ is the unit step function representing the arrival of the laser pulse. The parameters for the instrument response (σ IRF 0.14 ns, k IRF 4.3 ns −1 ) are determined independently by measuring scattered light from the laser, and held constant during further fitting.
In order to relate this biexciton lifetime to the biexciton quantum yield, we must also have a measure of the exciton lifetime. For this we use g 2 0; τ (Fig. 3) , which primarily captures exciton emission, as opposed to g 1 τ, which is a mixture of all emissions. This is not a purely single-molecule signal: the relatively long emission lifetime reduces contrast between the single-molecule and ensemble response, preventing analysis akin to Eq. (4). We measure the exciton lifetime by fitting g 2 0; τ with a single exponential response for the 1.1 and 2.4 nm samples, and with the sum of two exponentials for the other samples (the second exponential typically has a much longer lifetime and may be associated with electron traps [26] ). We treat the shorter lifetime as the exciton radiative lifetime.
The lifetimes of the biexciton and exciton for each sample are reported in Table 1 .
The biexciton in colloidal CdSe quantum dots is a bound pair of excitons, whose spin statistics dictate that the radiative lifetime is one quarter that of a single exciton [8] . The observed lifetime results from the combination of non-radiative processes (e.g., Auger recombination) with the intrinsic radiative rate, and thus we can measure the quantum yield of the biexciton through measurements of emission lifetime: (10) We assume that the experimentally measured exciton lifetime arises from the purely radiative state, for which emission occurs with quantum yield unity [5] . This assumption ignores the effects of photoluminescence intermittency ("blinking"), which may occur during continuous excitation. Blinking results in emissions arising from a mixture of states with various lifetimes and quantum yields [27] , such that the measured lifetime typically underestimates the true exciton radiative lifetime and thus overestimates the biexciton quantum yield. In our experiment, we suppress the effects of these states by using low excitation flux and by permitting the nanocrystals to diffuse freely through the focal volume. Applying the model in Eq. (6) to the data in Table 1 produces the blue curve of Fig. 4 . This measurement simultaneously yields the statistical g 2 0 result, originally described in Ref. [17] , in which we use the integrated area of g 2 τ to determine the relative quantum yield of the biexciton and exciton, and it is shown as the green curve of Fig. 4 . These dynamic and statistical methods produce estimates of biexciton quantum yield which are in good agreement, and so for this series of core/shell materials, the model of the biexciton as a bound pair of excitons is valid.
Our method to simultaneously characterize the statistics and dynamics of excitonic states in nanocrystals can be applied to other material systems. For example, the development of core/ shell materials with gradient shell interfaces permits engineering of the multiexcitonic dynamics and statistics [3, 4] . Application of PNRL to these materials would enable the rapid screening of entire synthetic batches, bypassing the need for labor-intensive single-molecule methods, removing user selection bias, and permitting the examination of new materials which are not yet suitable for detailed single-molecule study.
In this Letter, we demonstrate a photon correlation method for the resolution of the ensemble-averaged single-molecule biexciton lifetime from a solution-based photoluminescence measurement. We use the method to study emission from a series of CdSe/CdS core/shell quantum dots and find that the biexciton lifetime increases monotonically with increasing shell thickness. The biexciton quantum yield as measured by this dynamical method is consistent with the statistical solution g 2 0 method.
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